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The Kneser graph K(n, k) has as vertices all the k-subsets of a fixed n-set and has
as edges the pairs [A, B] of vertices such that A and B are disjoint. It is known
that these graphs are Hamiltonian if ( n&1k&1)(
n&k
k ) for n2k+1. We determine
asymptotically for fixed k the minimum value n=e(k) for which this inequality holds.
In addition we give an asymptotic formula for the solution of k1 (n) 1 (n&2k+1)=
1 2(n&k+1) for n2k+1, as k  , when n and k are not restricted to take integer
values. We also show that for all prime powers q and n2k, k1, the q-analogues
Kq(n, k) are Hamiltonian by consideration of the analogous inequality for q-binomial
coefficients.  1996 Academic Press, Inc.
1. INTRODUCTION
The Kneser graph K(n, k) is the graph whose vertices are the k-subsets of
the set [n]=[1, 2, ..., n] and whose edges are the pairs [A, B] of k-subsets
such that A and B are disjoint [15]. If n=2k+1, K(n, k) is called an odd
graph and is often denoted by Ok+1 [2]. The q-analogue of K(n, k) is the
graph Kq(n, k) whose vertices are the k-subspaces of the n-dimensional
vector space V(n, q) over the finite field with q elements and whose edges
are the pairs [U, W] of vertices such that U & W=[0].
The first part of the following theorem was proved by Chen and Lih [3]
and the second part, by Zhang and Guo [18]:
Theorem 1.1. If n2k+1 and k1 the graph K(n, k) is Hamiltonian if
\n&1k&1+\
n&k
k + (1.1)
and Hamiltonian connected if the inequality is strict.
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In Section 2 we prove the following q-analogue of Theorem 1.1.
Theorem 1.2. If n2k and k1 the graph Kq(n, k) is Hamiltonian if
_n&1k&1&q_
n&k
k &q qk
2
(1.2)
and Hamiltonian connected if the inequality is strict.
In Section 3 we prove
Theorem 1.3. If n2k, k1, and q is any prime power the inequality
(1.2) holds strictly. Hence the graphs Kq(n, k) are Hamiltonian and
Hamiltonian connected.
In Section 5 we prove that the inequality in (1.2) is strict even if q, n and
k are continuous variables with q # [2, ), n2k and k2. In [3]
Chen and Lih defined e(k) to be the minimum n such that (1.1) hold for
n2k+1 and proved that if ne(k) then (1.1) holds. Hence K(n, k) is
Hamiltonian if ne(k). They also proved that e(k)k(k+1)2. In Sec-
tion 4 (see Theorem 1.6 below) we obtain a more precise approximation
to e(k).
The question of the Hamiltonicity of the graphs K(n, k) for
2k+1n<e(k)
remains open aside from a few known cases, namely: K(5, 2), the Petersen
graph, is known to be not Hamiltonian, whereas the odd graphs K(2k+1, k),
k # [3, 4, 5, 6], are known to be Hamiltonian (see, e.g., Meredith and
Lloyd [16]). Heinrich and Wallis [11] showed that K(n, 2) is Hamiltonian
for n6 and K(n, 3) is Hamiltonian for n7.
In [18] Zhang and Guo conjectured that for n2k+1 equality never
holds in (1.1). It is easy to rephrase (1.1) in terms of gamma functions as
1 (n+1) 1 (n&2k+1)
1 2(n&k+1)

n
k
, n2k+1, k1. (1.3)
If we set
x=n&2k+1, (1.4)
and allow x, n, and k to become continuous variables with
x>0, n2k+1, k>0, (1.5)
then the ZhangGuo conjecture becomes
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Conjecture. The equation
fk(x)=gk(x), (1.6)
where
fk(x) :=
1 (x) 1 (x+2k)
1 2(x+k)
and gk(x) :=
x+2k&1
k
(1.7)
has no integer solutions x # (2, ) when k is a positive integer.
Using Maple we have verified this conjecture for k2000.
In Section 4 we study solutions of the transcendental Eq. (1.6). Our main
results are Theorems 1.4, 1.5, and 1.6 stated below:
Theorem 1.4. For fixed k, k 12, the equation (1.6) has a unique positive
solution x=!(k) # (2, ).
Theorem 1.5. Let k 12 and !=!(k) be the unique solution of (1.6) in
(2, ). Then !(k) is an analytic function of k and !$(k)>0.
Our next results determines the asymptotic behavior of !(k) as k  .
Theorem 1.6. Let w :=W(k) be the solution to the transcendental
equation
yey=k. (1.8)
Then
!(k)=
k2
w \1+
A
k
+
B
k2
+
C
k3++o(1k) as k  . (1.9)
where
A=&
w(w+2)
w+1
,
B=
w(w4+8w3+19w2+15w+6)
6(w+1)3
,
C=&
w3(w3+4w2+6w+6)
6(w+1)5
. (1.10)
Observe that Theorem 1.5 shows that (1.6) will have positive integer
solutions, but the conjecture is that this does not happen for integer values
of k.
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Chen and Lih’s result [3] in the above notation is: gk(x)>fk(x) when
x(k&1)(k&2)2 , and both k and x are positive integers. It is clear that
(1.8) and (1.9) give a sharper estimate than !(k)(k&1)(k&2)2 since
k2W(k) and (k&1)(k&2)2 are of different order of magnitude when k is
large. Define
M(k)=k
2
w \1+
A
k
+
B
k2
+
C
k3+|+2k&1.
where A, B, C and w are as defined in Theorem 1.6. Computation using
Maple shows that e(k)=M(k) for 2k2000 with a single exception at
k=174 where we have e(174)=8067 and M(k)=8066. To give some idea
of the accuracy of this approximation we note that, for example,
e(1000)=M(1000)=191332,
e(1500)=M(1500)=403641,
e(2000)=M(2000)=687024.
The proof of Theorem 1.6 depends on the following lemmas:
Lemma 1.7. We have
!(k)>2k (1.11)
for k4.
Lemma 1.8. The following limit relation holds
lim
k  
!(k)
k
=. (1.12)
2. PROOF OF THEOREMS 1.1 AND 1.2
In this section we prove Theorem 1.1. The proof of the first part is the
same as that of Chen and Lih [3]. The second part of the theorem is due
to Zhang and Guo [18]). However we note that Zhang and Guo did not
use the theorem of Chva tal and Erdo s cited below. We also give an
analogous proof of Theorem 1.2.
Theorems 1.1 and 1.2 are applications of a theorem of Chva tal and
Erdo s [6]: A graph G is Hamiltonian if
;(G)}(G) (2.1)
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where ;(G) is the independence number of G and }(G) is the connectivity
of G. In the same paper it was established that if the inequality (2.1) is
strict then G is Hamiltonian connected (i.e., every pair of vertices is joined
by a Hamiltonian path).
Thus to prove Theorems 1.1 and 1.2 it suffices to find the independence
numbers and the connectivity of K(n, k) and Kq(n, k). It follows imme-
diately from the Erdo sKoRado Theorem [8] that
;(K(n, k))=\n&1k&1+ if n2k, (2.2)
and from the q-analogue of the Erdo sKoRado Theorem (see, e.g., [10],
[9], or [17]) we have
;(Kq(n, k))=_n&1k&1&q if n2k, (2.3)
where [ nk]q denotes the q-binomial coefficient [1].
Now by Lova sz [14, page 75, Exercise 15(c)], if a graph G is connected,
edge transitive and regular of degree r then G has connectivity }(G)=r. In
[3] Chen and Lih showed that if n2k+1 then K(n, k) is connected, edge
transitive and regular of degree ( n&kk ) and hence
}(K(n, k))=\n&kk + if n2k+1. (2.4)
So Theorem 1.1 follows then from the Chva tal and Erdo s results.
As for the graphs Kq(n, k), it is easy to see that for n2k they are con-
nected. In fact, they have diameter 2: Let U and W be any two k-subspaces
of the n-dimensional vector space V(n, q) over GF(q). By [13] U and W
have a common complement, and so if we choose a k-subspace of the com-
mon complement we will have a vertex adjacent to both U and W. On the
other hand, if e=[U, W] and e$=[U$, W$] are edges of Kq(n, k) then
there is a linear automorphism . of V(n, q) taking U to U$ and W to W$.
The mapping . induces a graph automorphism of Kq(n, k) taking e to e$.
Thus Kq(n, k) is edge transitive. By [4, Lemma 9.3.2 (iii), page 269] it is
regular of degree [ n&kk ]q q
k2. Hence by the above mentioned exercise of
Lova sz we have
}(Kq(n, k))=_n&kk &q qk
2
, if n2k (2.5)
and Theorem 1.2 follows.
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3. PROOF OF THEOREM 1.3.
To prove Theorem 1.3 we require the following lemma.
Lemma 3.1. For integers n>k1 and q2
_nk&q<
q(n&k) k+1&2(n&k) k+1
q&2
. (3.1)
Proof. Let N=(n&k)k. It is known [1] that
_nk&q= :
N
l=0
alql (3.2)
where al is the number p(n&k, k, l ) of partitions of the integer l into at most
k parts, with largest part at most n&k. By convention, p(n&k, k, 0)=1.
We claim that
p(n&k, k, l+1)2p(n&k, k, l). (3.3)
This is clear for l=0 so we assume l # [1, 2, ..., N]. Let Sl denote the set of
all integer sequences (*1 , *2 , ..., *t) satisfying
l=*1+*2+ } } } +*t , (3.4)
n&k*1*2 } } } *t1, (3.5)
and
kt1. (3.6)
Then
p(n&k, k, l )=|Sl |. (3.7)
Let
S1l+1=[(*1 , *2 , ..., *t , 1) : (*1 , *2 , ..., *t) # Sl , t<k] (3.8)
S2l+1=[(*1 , *2 , ..., *t&1) : (*1 , *2 , ..., *t) # Sl , *t&1>*t]. (3.9)
Clearly, Sl+1S1l+1 _ S
2
l+1 and (3.3) follows.
Now from (3.3) we have al+12al . Since a0=1 we obtain al2l. Since
aN&l=al we have al2N&l and hence
_nk&q :
N
l=0
2N&lql=
qN+1&2N+1
q&2
. (3.10)
The inequality is strict since a0=1<2N. K
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Proof of Theorem 1.3. It suffices to prove that the inequality (1.2) holds
and is strict for n2k, k1, and q2.
Since [ n&kk ]q is a monic polynomial of degree k(n&2k) with positive
coefficients we have
_n&kk &qqk(n&2k) (3.11)
and multiplying both sides by qk 2 we obtain
_n&kk &q qk
2
qk(n&k). (3.12)
By Lemma 3.1,
q(n&k)(k&1)+1&2(n&k)(k&1)+1
q&2
>_n&1k&1&q . (3.13)
So it suffices to establish
(q&2) qk(n&k)q(n&k)(k&1)+1&2(n&k)(k&1)+1. (3.14)
If q=2 this holds with equality. If q>2 then since q is an integer, q3 and
it follows that
q
1
qn&k&1
+2. (3.15)
Multiplying both sides by qk(n&k) gives
qk(n&k)+1qk(n&k)&(n&k)+1+2qk(n&k). (3.16)
A fortiori,
qk(n&k)+1+2(n&k)(k&1)+1qk(n&k)&(n&k)+1+2qk(n&k) (3.17)
which is equivalent to (3.14). K
4. PROOF OF THEOREMS 1.41.6
We start with Theorem 1.4:
Proof of Theorem 1.4. Bustoz and Ismail [5] proved that
1 (x) 1 (x+a+b)
1 (x+a) 1 (x+b)
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is completely monotonic, that is, the sign of its n-th derivative is (&1)n for
x>0 when a>0 and b>0. Hence fk(x) is a strictly decreasing function
of x. The asymptotic formula [7]
1 (z+a)
1 (z+b)
=za&b(1+O(1z)), as z  , Re z>0, a, b # R, (4.1)
shows that fk(x)  1 as k   so that fk(x)<gk(x) for sufficiently large x.
Since gk(x) strictly increases with x the theorem will follow if fk(2)>gk(2).
To prove this latter fact first note that
fk(2)=
1 (2+2k)
1 2(k+1)
=
22k+11 (k+32)
1 (12) 1 (k+1)
(4.2)
which follows from the duplication formula [7]
1 (2z)=
22z&11 (z) 1 (z+12)
1 (12)
. (4.3)
Thus
fk(2)
gk(2)
=
22k+1k
2k+1
1 (k+32)
1 (12) 1 (k+1)
=22kk
1 (k+12) 1 (1)
1 (12) 1 (k+1)
.
The aforementioned theorem of Bustoz and Ismail implies
1 (k+12) 1 (1)
1 (12) 1 (k+1)
> lim
x  
1 (x+k+12) 1 (x+1)
1 (x+12) 1 (x+k+1)
=1.
Hence fk(2)gk(2)>22kk1 for k12. Thus fk(2)>gk(2) and our
theorem follows. K
Proof of Theorem 1.5. The Eq. (1.6) is
1 (!(k)) 1 (!(k)+2k)
1 2(!(k)+k)
=
!(k)+2k&1
k
(4.4)
hence, by the implicit function theorem and the fact that the coefficient of
!$(k) in (4.6) does not vanish, we obtain
!$(k) {1 $(!(k))1 (!(k)) +
1 $(!(k)+2k)
1 (!(k)+2k)
&
21 $(!(k)+k)
1 (!(k)+k)
&
1
!(k)+2k&1=
=&
1
k
+
2
!(k)+2k&1
&
21 $(!(k)+2k)
1 (!(k)+2k)
+
21 $(!(k)+k)
1 (!(k)+k)
.
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The integral representation [7, (14), p. 16]
1 $(z)
1 (z)
=&#+|

0
e&t&e&tz
1&e&t
dt, Re z>0, (4.5)
# being Euler’s constant, gives
!$(k) { 1!(k)+2k&1+|

0
e&t!(k)(1&e&kt)2
1&e&t
dt=
=
!(k)&1
(!(k)+2k&1)k
+2 |

0
e&t!(k)
e&kt&e&2kt
1&e&t
dt, (4.6)
which implies !$(k)>0 and the proof is complete. K
Proof of Lemma 1.7. Since gk(x)>fk(x) as x   it suffices to show
gk(2k)<fk(2k) for k4. Since
gk(2k)
fk(2k)
=
(4k&1) 1 2(3k)
k1 (2k) 1 (4k)
=
4(k&1)
k
h(k),
h(k) :=
1 2(3k)
1 (2k) 1 (4k)
(4.7)
and gk(2k)fk(2k)<4h(k), it is sufficient to prove that h(k)<14 for k4.
Since h(k)>0 for k>0 we apply [7, (2), p. 15]
1 $(z)
1 (z)
=&#&
1
z
+ :

n=1 _
1
n
&
1
z+n& , (4.8)
and obtain
h$(k)
h(k)
=
61 $(3k)
1 (3k)
&
21 $(2k)
1 (2k)
&
41 $(4k)
1 (4k)
=
2
2k
+
4
4k
&
6
3k
+ :

n=1 _
2
2k+n
+
4
4k+n
&
6
3k+n&
= :

n=1
&2kn
(3k+n)(2k+n)(4k+n)
<0.
Therefore, h(k)h(4) for k4 with equality iff k=4. Thus
gk(2k)
fk(2k)
<4h(4)=
88
91
<1. K
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Proof of Lemma 1.8. It suffices to show that given *>0 there exists K
such that !(k)*k for kK. Since fk(x)gk(x) decreases with x, the result
will follow if we show that
lim
k  
inf fk(*k)gk(*k)=. (4.9)
Observe that the Stirling asymptotic formula [7. (1.18.1), p. 47]
log 1 (z)=\z&12+ log z&z+
1
2
log 2?+
1
12z
&
1
360z3
+O \ 1z5+ , as z  , Re z>0, (4.10)
gives, as k  ,
log \ fk(*k)gk(*k)+=k log _
**(*+2)*+2
(*+1)2(*+1)&+
1
2
log
(*+1)2
*(*+2)
+o(1). (4.11)
On the other hand, the function
h(x)=xx(x+2)x+2 (x+1)&2(x+1), x>0
satisfies
h$(x)
h(x)
log x+log(x+2)&2 log(x+1)=log
x(x+2)
(x+1)2
<0.
Thus, h(x) is decreasing on (0, ). But
lim
x  
h(x)= lim
x   \1+
2
x+
x+2
\1+1x+
&2(x+1)
=e2 } e&2=1.
Therefore h(x)>1 for x>0 and (4.11) yields
log[ fk(*k)gk(*k)]=+
which confirms (4.9). K
Proof of Theorem 1.6. We apply Stirling’s formula (4.10) to log fk(x)
and use
log(1+x)=x&
x2
2
+
x3
3
&
x4
4
+O(x5), x  0
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to get
log[ fk(x)gk(x)]=\x+2k&12+ log \1+
2k
x +
&2 \x+k&12+ log \1+
k
x+&log
x
k
&log \1+2k&1x ++O \
1
x+
when x=!(k) we use Lemma 1.7 to obtain
0=_!(k)+2k&12&_
2k
!(k)
&
2k2
!2(k)
+
8k3
3!3(k)
&
4k4
!4(k)&
&2 \!(k)+k&12+_
k
!(k)
&
k2
2!2(k)
+
k3
3!3(k)
&
k4
4!4(k)&
&log \!(k)k +&\
2k&1
!(k) ++
1
2 \
2k&1
!(k) +
2
&
1
3 \
2k&1
!(k) +
3
+O \ k
5
!4(k)+ (4.12)
The first nonzero term in the above equation gives
log \!(k)k +=
k2
!(k)
[1+0(1)]
and we establish the first term in the asymptotic formula (1.9). To find the
next terms in (1.9) we set
!(k)=
k2
w {1+
A
k
+
B
k2
+
C
k3=+o \
1
k+ , (4.13)
after equating like powers of 1k, using Maple we found that A, B, and C
are as given by (1.10). K
We have considerable confidence in the above mentioned Maple com-
putations because of the high accuracy of the approximation M(k) to the
value e(k) as indicated in Section 1 just before Lemma 1.7.
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5. THE q-ANALOGUE
It is easy to devise the change of base formula
_nj&q &1=_
n
j &q q j ( j&n), (5.1)
hence the equality in (1.2) for q>1 is equivalent to
_n&1k&1&q=qk&n _
n&k
k &q , 0<q<1. (5.2)
The q in (5.2) is the reciprocal of the q in (1.2). In terms of the q-gamma
function
1q(x) :=(1&q)1&x `

n=0
1&qn+1
1&qx+n
, (5.3)
Eq. (5.2) takes the form
1q(n)
1q(k)1q(n&k+1)
=qk&n
1q(n&k+1)
1q(k+1)1q(n&2k+1)
(5.4)
We now treat n and k as continuous variables such that
n2k4. (5.5)
In view of the functional equation
1q(z+1)=
1&qz
1&q
1q(z), (5.6)
(5.4) can be written as
1q(x+2k) 1q(x)
1 2q(x+k)
=
q1&k&x&qk
1&qk
, x :=n&2k+1. (5.7)
In (5.7) we assume
1x<, k2. (5.8)
We now discuss solutions of (5.7).
Theorem 5.1. The left-hand side of (5.7) decreases with x, x1, but the
right-hand side of (5.7) increases with x, x1.
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Proof of Theorem 5.1. It is obvious that q1&k&x increases with x. Ismail
and Muldoon [12] proved that the left-hand side of (5.7) is completely
monotonic, hence it decreases with x on (1, ). K
An immediate consequence of Theorem 5.1 is
Theorem 5.2. Eq. (5.7) has at most one solution.
Unlike the case q=1, Eq. (5.7) may have no solution when q is not too
close to 1.
Theorem 5.3. If 0<q 12 then (5.7) has no solution for x1, k2.
Furthermore
1q(x+2k) 1q(x)
1 2q(x+k)
<
q1&k&x&qk
1&qk
, x1, k2. (5.9)
Before proving Theorem 5.3 it is worth noting that a result like Theorem
5.3 is not expected to hold near q=1 since it is false at q=1. In fact, for
q close enough to 1, one can use the methods of Section 4 to establish the
existence, uniqueness and monotonicity of a solution to (5.7) in (1, ).
Proof of Theorem 5.3. It suffices to establish (5.9). Since the left-hand
side (5.9) decreases with x then (5.9) holds if and only if it holds when
x=1, i.e.
1q(1+2k)
1 2q(k+1)
<
q&k&qk
1&qk
,
that is, in view of (5.6),
qk1q(2k)
1q(k) 1q(k+1)
<1. (5.10)
Set
h(k)=
qk1q(2k)
1q(k) 1q(k+1)
. (5.11)
Ismail and Muldoon [12] used (5.3) to establish
1 $q(x)
1q(x)
=&ln(1&q)+ln q \ :

n=1
qnx
1&qn+ . (5.12)
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Now (5.11) and (5.12) imply
h$(k)
h(k)
=log q+log q :

n=1
2q2nk&qnk&qn(k+1)
1&qn
.
We then use
1=(1&q) :

n=1
qn&1
to obtain
h$(k)
h(k)
=log q :

n=1 _
qn&1(1&qn)(1&q)+2q2nk&qnk&qn(k+1)
1&qn & . (5.13)
Observe that the function
,(x) :=2q2x&qx&qn+x
satisfies
,$(x)=log q[4q2x&qx&qn+x].
Thus ,$(x)>0 if and only if
4qx<1+qn.
Therefore
qn&1(1&qn)(1&q)+2q2nk&qnk&qn(k+1) (5.14)
increases with k if 4qk1 for k2, i.e., q12. Thus the expression in
(5.14) is nonnegative for k2 if and only if it is nonnegative when k=2,
that is
qn&1(1&qn)(1&q)+2q4n&q2n&q3n0,
or equivalently
(1&q)(1&qn)+2q3n+1&qn+1&q2n+10
or
1&q&qn+2q3n+1&q2n+10. (5.15)
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The left-hand side of (5.15) increases with n, hence (5.15) holds if and only
if it holds at n=1, i.e.,
1&2q+2q4&q30,
or
(1&2q)(1&q3)0,
which obviously holds for q12. This and (5.13) shows that h$(k)<0,
hence h(k) decreases with k. Therefore, h(k)<1, that is, (5.10) holds if and
only if h(2)<1. But
h(2)=q2(1+q+q2) 716<1.
This completes the proof of Theorem 5.3. K
Note that in the process of proving Theorem 5.3, we proved the following
result.
Theorem 5.4 The function
qx1q(2x+1)
1q(x) 1q(x+1)
decreases with x for x # [2, ) when 0<q12.
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